ON LARGE GAPS BETWEEN ZEROS OF THE RIEMANN ZETA-FUNCTION 



SHAOJI FENG AND XIAOSHENG WU 

Abstract. Assuming the Generalized Riemann Hypothesis(GRH), we show that infin- 
itely often consecutive non-trivial zeros of the Riemann zeta-function differ by at least 
3.072 times the average spacing. 



1. Introduction 

Let ^(s) denote the Riemann zeta-function. We denote the non-trivial zeros of ^(s) as 
p = P+iy. Let y <y' denote consecutive ordinates of the zeros of ^{s). The von Mangoldt 
formulate (see IfTSil ) gives 

N{T) = ^\og^ + 0{\ogT% 

where N{T) is the number of zeros of ^{s), s = cr+it in the rectangle < cr < 1,0 < t < T. 
Hence, the average size of y' - y is In/ logy. In 1973, by studying the pair correlation 
of the zeros of the Riemann zeta-function, Montgomery [fTOll suggested that there exists 
arbitrarily large and small gaps between consecutive zeros of ^(s). That is to say 

log y log y 

A = limsup(y' - y) = oo and // = liminf(y' - y) = 0, 

2n In 

where y runs over all the ordinates of the zeros of the ^{s). 

In this article, we focus on the large gaps and assume the Generalized Riemann Hy- 
pothesis (GRH) is true. This conjecture states that the non-trivial zeros of the Dirichlet 
L-functions are on the Re(s)=l/2 line. We obtain 

Theorem 1.1 If the Generalized Riemann Hypothesis is true, then A > 3.072. 

Unconditionally, selberg remarked in [fT4ll that he could prove A > \. Assuming RH, 
Mueller [[T2| showed that A > 1.9, and later, by a different approach, Montgomery and 
Odlyzko ffm obtained A > 1.9799. This result was then improved by Conrey, Ghosh, and 
Gonek flU who obtained A > 2.337 assuming RH and A > 2.68 in [5] assuming GRH. 
Recently, by making use of the Wirtinger inequality. Hall p| proved that there exist in- 
finity many large gaps between the zeros on the critical line of the Riemann zeta-function 
greater than 2.63 times the average spacing of the zeros of Riemann zeta-function. This re- 
sult implies A > 2.63 on RH. Assuming Riemann Hypothesis, H.M.Bui, M.B.Milinovich 
and N.Ng proved A > 2.69 in [3J and we obtained A > 2.7327 in On GRH, N.Ng [fT3l 
proved in 2006 that A > 3 and this result was improved to A> 3.033 by Bui ^ in 2009. 
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The works of 0, lEl, (HI are based on the following idea of J.Mueller (HI. Let 
H : C ^ R>o be continuous and consider the associated functions 

1 

(1.1) MiiH,T) = J H(- + it)dt, 

(1.2) m{H,T-a)= J] + i{y + a))dt, 

T<y<2T 

ncIL 

(1.3) M2(,H,T;c) = J m(H,T;a)da, 



-c/L 

where L = log ^. Note that 

4 M2(H,2T;c)-M2{H,T;c) ^ ^ 

Mi(H,2T)-Mi{H,T) 

implies /I > f . 

Mueller applied this idea with H{s) = |^(^)|^. Let A{s) denote a Dirichlet polynomial 
(1.5) A{s) = J^a{n)n-\ 

n<y 

On RH, Conrey et al. used H{s) = \A{s)\^ with a(n) = ^^2.2(^)5 J = T^~'^ and obtained 
A > 2.331. Here J,-(n) is the coefficient of « * in the Dirichlet series ^(sj. Later, assuming 
GRH, they applied CI) to H{s) = \^{s)A{s)\'^ with a(,n) = 1 and 3; = (,T/2ny'^-' and 
obtained A > 2.68. By considering a more general coefficients a(n), N.Ng |fT3l proved A > 
3. Actually, N.Ng chose H(s) = \^(s)A(s)\'^ with A(5) has coefficients a,(n) = dr(n)pC^). 
In Q, H. M. Bui chose H(s) = Ai{s) + ^(s)A2{s), where Ai{s),A2(s) are Dirichlet series 



(1.6) a{n) = d,-(n)pf^] + <(n)/'2(|^), 

V log y / V log y I 



defined by (11.51) with coefficients a^, = dr^{n)plC^^) and a^, = dr2{n)p2{^^), and proved 
A > 3.033. 

In this article, we choose H{s) = \^(s)A(s)\^, where A(s) is defined by (|1.5I) with 3; = 
r2~*^ and the coefficients 

^ log y/ \ log y / 

for ^2 are polynomials and r e N. Here, 

(1.7) dlin) = —^A * A * dr(n), 

log y 

where * is the convolution and A is the Mongoldt function. 
Let 

1 



and 



X(s) = rn'-^ sin-OTr(l -^) 



It's well known that Z'(0 has a zero between the consecutive zeros of Riemann zeta- 
function. Since 



\x(s)\ = 1 and 



y(-2 + it) 

xOi + it) 



we have 



|Z'(OI 



From (11.71) . it's easy to see 



+ it) 



C(s){^j(s))' = (logy)^J]^ 



--2^o,-^-i-.rt) 



d:(n) 



n=l 



fors = o- + it with cr > 1. Hence, our choice of H(s) may be seen as a kind of approxi- 
mation to Z{t)^''-^Z'(t)\\ogy)-\ 

We now come to the precise result. We define several functions that will appear in the 
following. Given Pq, P2 are polynomials and u e Z>o, we define 



(1.8) 



[ 6"Pi 
Jo 



{x + e{i -x))de. 



for i = 0, 2. Given 77 6 R. and n = (ni,n2, n-i, n^) e (Z>o)'*, we define 



(1.9) 



X 



,r +«l +n2— 1 



(1-.^) 



2r+n3 +04 



2(1 ,r+;i3-l (.'C)2!2,r+ji4-l ('f)^.'C 



>1 nl-x 



Jo Jo 

(1.10) ■ Pi,(x + y)Qi^,.^n,-i{y)dydx. 
For"n = {ni,n2,ni„nA^,n^) e (Z>o)^, we define 

KjiC^) = - ^"^B("5 + l,r + n4 - \)li^j^(nun2,n2 - 1,^4 -l-ns) 
+ B(n5 + l,r-l-n4 - I)li^j^(ni,n2,ni„n4 + ns) 

(1.11) +B(n5 + l,r + n4)Zij,,2(«i,«2,«3 - 1,^4 + ^5 + 1), 
where B(m, n) is the Beta function. For r > 1, we define the constants 

ij — + , I2 — 12' I2 



m=0 



1 (r)m! 



(1.12) 



min(r'p(^) 

Kii[,i'2)= J] q,q^i/^-'r 



-2t 



r=0 
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(1.13) 



Cr(/j, ,12) — 



clclbr(i[,i:2) 



(r2 + /; + i'^ - l)!(r + - l)!(r + q - 1)! ' 
with CI is the binomial coefficient. For n > -2, we also define 



r(-i)"^icr^ 



(1.14) nr(q,n) = ^ 



for i'^ = 



for i'^ = 1 



min(; — 2,n) 

J] (-iy-'C{-'A(n-f) 

/=-2 
min(r-2,n) 

2 (-D^'^^C/'^^ 2 A(;i)A(;2) for i^' = 2 

/=-2 ji+j2=n-f 



with A given by 

(1.15) 

Since 



A(0) = 1 
A(;) = -1, 



for j > 1. 



J](-iy^'ciP(j) = 

7=0 

for any polynomial ^(7) on j, it's not difficult to see 

Q,(/2,n) = for n>r-2. 
From this definitions, we can present our result for Mi(H, T) and m{H, T;a). 

Theorem 1.2 Lety = (^f with < 77 < 1/2, we have 

(1.16) Mi(H, T) ~ ar^rT{\ogyf*''>" Yu Z "^^^'"1' '"i' ^2' ^2) 



i'j+i'j'=0,2!^+!^'=0,2 



fl5 r ^ 00, where 

^('Z' ^ ' ^1' ^2' '1 ' '2) ^'\,h^^\'> ^2' '1 ' '2) 

~ ^iiJi^H' ^2' '1 "'"1' '2 ) 

(1.17) -/,,,,(/;,/^,/;',/^' + i). 

r/jj* is valid up to an error term which is 0(L~^) smaller than the main term. 

Theorem 1.3 Suppose r e N andy = (^)'' with tj < 1/2. The Generalized Riemann 
Hypothesis implies 



m(H, T ; a) 



( h(r,j,ri) J . \ 
[ — — + k(r, J, T]) j 



(1.18) 



+ —Mi(H,T), 
2n 



where z = iaL, \z\ 1, 



hr, j, ^ ^ Cr(i[ , i'2, i", ij) 
(1.19) ■ irhi^^i^{i\, i'2, i'l + 1, + 1, j) + hi^ + h - '^)K,i2ih^ h + 1' ^2'' J + 1))' 



kr,j,v)= ^ J] Cr{i\,i'2,i'iJ2) 



(1-20) • 2. 0--.)!(. + /-+n + l)! ^'-'-^'^'^-"''^^'^-'^^"^'^- 

r/zz5' result is valid up to an error term 0^^,-{TL^'^'^^^~ + 7"i/2+'/+f) 

From Theorem 1.2 and Theorem 1.3, an argument similar to N.Ng |fT3l deduce that 

M2iH, IT- c) - M2{H, T-c) . , - , 

= fric) + 0(e), 



Mi(H,2T) - Mi{H,T) 



where 



1 ~ (_l);c2;+i//z(r,2j,i) k{r,2j,^)x c 

^'■''^ f'-'^' = D g WTT^ " ^) " ^ " ^^^^ 

and 

^ := ^ 2 '^'■^'i' ^2' ^T' i'Dkjiin, r, i\, i'2, i", i'^)- 

(■',+("/ =0,2 r'^+q=0,2 

It's known that /^(c) < 1 implies ^ > ^- We may compute (11.211 ) for various choices of 
r and Po(x),P2{x). Choosing c = 3.072n,r = 2 and Po(x) = x^^\P2(x) = -31.4;c'^^ we 
compute the sum 

2^^ U2i+1)! 2;+! i 

by Mathematic. On the other hand, we may bound the terms j > 30. For Po{x) = 
x^^\P2ix) = -31.4Jc^^^ it's easy to see I2,-,„(^)I < 32 on [0,1] and li,j,(n) < 32^. So, a 
direct calculation gives that h(ji) < 64 x 4 x 32^ and hence 



l_ y (-iyc^i+i/?(r,2j,i) ^ 262144c y (c/2fj 
dZu i-^i (2j+l)! " D ^4(2j+l)! 



;>30 



262144c 
~D 



< ^ g-27(log(2i)-(log(c/2)-l)) 

;>30 

262144c e-6oaog(60)-iog(c/2)-i) 

^ D 21og(60)-log(c/2)- 1 ^ ' 
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where we have applied n\ > (n/e)". A similar calculation establishes that 

1 ^(-iyc2^+il(r,2j,i) 



-y 



Dj^ 2y (27+1) 



< 10-2°. 



Thus, we conclude that /2(3.05;r) < 1 and establish Theorem 1.1. If we let r = 2 and 
Poix) = x^°,P2{x) = 0, we get f2(3n) = 0.999481..., which accords with the result of 

N.Ng m. 

We have deduced Theorem 1.1 from Theorem 1.2 and Theorem 1.3. Hence, the rest 
of the article will be devoted to establishing the result of Theorem 1.2 and Theorem 1.3. 
From a similar argument to the part 4 of N.Ng [fT3]| . we note 

(1.22) m(H, T;a)-' 2Re/ + ^Mi(H, T) 

2n 

with an error term 0{Lr^) smaller. Here, 

(1.23) / = ^ ^ ^ b(j)e(-j/k) + 0{yT^^% 

k<y j<kTln 

(1.24) bU) = - 2 a{h)d{m)K{n)ri" . 

hmn= j 
h<y 

Hence, to prove Theorem 1.2 and Theorem 1.3, it's sufficient to evaluate Mi and /. We 
will evaluate Mi in section 4 and / in section 5. 

2. Some notation and definitions 

Throughout this article we shall employ the notation 

logm 

(2.1) [ni],:=-^ 

logy 

for m,y > 0, and we appoint that p, pu q, qj always denote primes for i, j > I. The sum 

E -d 

oiH — \-a„>D aiH — \-a„=D 

are always over all entire arrays (ai, ^2, ■ ■ ■ , a,n) with a,- > 0. In addition, we define jr{n) 
and cr,-{n) as in N.Ng [13], 

(2.2) jr{n) = Y]{1 + 0(p-')) 

p\n 

for T > and the constant in the O is fixed and independent of r and 

(2.3) crM = Y\dAp')H,Ap-') 

with 



H^^Xx) := Ax-'' - ty-'dt 



Here, means p"*^\n and p"*^ \ n. A simple calculation by part integration shows that 



H^^i(x) = 1, H^^2(x) = 1 - T~~r-^, 

A + L 



and for r > 3, 



^ (A+l)---(A + i) ^ ' (A + r-l)\' 



From this, it's easy to see H^ r(x) is a polynomial of x with //i,, (0) = 1, and all the 
coefficients of the polynomial are 0(1). Here, the constant of the O is only decided by r. 
So, we have 

' 1 

(2.4) (Tr(pi---pd = r' + 0(y-), 

' 1 

(2.5) (Tripi ■ ■ ■ piiri) «C (Tripi ■ • • Pi)crr(m) + 0(crr(m) V — ) 

with the constant of O is only decided by r and /, for m,i> 1 are integers. We now also 
invoke several properties of dr which we apply repeatedly as follow: 

^^dr(m)m~^ <sc log'^x, 

m<x 

(2.6) 2 dr{mfm~^ «c log*"' x. 

m<x 

3. Some lemmas 

In this section, we present some lemmas that will be used in the following. 

Lemma 3.1 (Mertens Theorem). 

(3.1) V!^=log, + 0(l). 

p<y ^ 

Lemma 3.2 For positive integers mi,m2 and n, 

2 //^(pi • • - Pmi) logpi • • • log p^^ju^qi ■ ■ ■ qm^) \ogqi ■ ■ ■ log^^^ 

PlP2'"Pfni In 

min(mi,m2) 

(3.2) • log^ pi • • • log^ Pk log Pk+l • • • log Pmi+m2-k 



where p and q runs over prime numbers, is the binomial coefficient. 

1 



This Lemma is a generalization of Lemma 2.3 in Feng |I71. 
Lemma 3.3 Let a, > I be integers for 1 < i < m, F(x) M on{\,y\be continuous, 

log"' pi • • • log"'" Pm F{py- p,„x) log'' X 



y log"'pi---log""-p,n p 



-dx 

Di • ■ ■ Dm /i 

Pi-Pm<y 

j+k 



(3.3, r ^ 0(M(log,)a,«.>) 

(Z,=i6(; + ^)! Jl X 

Proof. By Lemma 3.1 and Abel summation, we may express the right side of (13.31) as the 
expression in Lemma 9 of Feng [7J. Then, an argument similar to the proof of Lemma 9 
Feng \J] establishes the Lemma. 

Lemma 3.4 (Conrey f6l Lemma 3). Suppose that Aj(s) = 2^=1 o:j(n)n~'' is absolutely 
convergent for cr > I, for 1 < j < J, and that 

(3.4, A(s) = ±"-^ = f\^,isy 

Then for any positive integer d, 

n=l di -dj=d j=l (n,di---dj-i)=l 

Lemma 3.5 (N.Ng Lemma 5.3). Let {h, k) = I and k = Wp'^ > 0. For or 6 R and 
cr > 1 define 

(3.6) Q(s, a, h/k) = - ^ -——e[—). 

m,n=l 

Then Q(s, a, h/k) has a meromorphic continuation to the entire complex plane, Ifai^Q, 
Q(s, a, h/k) has 

(i) at most a double pole at s = I with same principal part as 

—{ 



k'-^'i:\s){^-{s-ia)-Q{s,a,k)'^, 



where 



(3.7) Qis,a,k) = Xlog;.( ) + - -—-j) 



p\k ~ 0=1 - f P 



(ii) a simple pole at s = I + ia with residue 

1 



-C(l + ia)^ + ia) 



k'"(p{k) ■ 
where 

(3.8) Kt{s) = Y]{1 - p-' + A{1 - p-\l - p'-')). 

p^\\k 



Moreover, on GRH, Q(s, a, h/k) is regular in 6 > 1 /2 except for these two poles. 

Lemma 3.6 Assume GRH. Let y = {^)^ where < r] < 1/2, ^gN with k < y, and 
a eR. Set 

CO 

(3.9) Q*(s, a,k) = Y, bU)re(-j/k) (cr > 1), 

where 

bU) = - (dr(h)Pimy) + d;{h)P2mymm)A(n)n'". 

bnm= j 
h<y 

Then Q.*{s,a,k) has an analytic continuation to cr > 1/2 except possible poles at s = I 
and 1 + ia. Furthermore, 

Q*{s, a,k) = Oiy^-T') 

where s = cr + it, 1/2 + L'^ < cr < 1 + L~\\t\ <T,\s-l\> 0.1, and \s - 1 - ia\ > 0.1. 

Proof. From the definition of b(j), we may denote Q*(s, a, k) = Q\{s, a, k) + Q^is, a, k) 
with obvious meaning and prove both parts satisfy the Lemma. The proof of Q\{s, a, k) 
is given by Lemma 5.6 of N.Ng [13J. We can prove Q^is, a, k) similarly to Lemma 5.6 of 
N.Ng [13J. The only difference is we replace (5.9) of N.Ng [[Bl with 

B{s,d,z)= _X Ay{s,fy;z)A2{sj2,fy)A2is,f^,fif2) 

X Ms, /4, fif2f3)Ms, fs, /l/2/3/4)A4(*, /e, /1/2/3/4/5) 

by Lemma 3.4, where 

xih)dAfh)ifhy 



Ai{s,f;z)=x(f) 



h<ylf 



h' 



A2(s,f,r) =x(f)L{s,x)Y](\ -X(P)P-1, 

p\r 

A,(s,f,r) = - x(fn)Aifn)(fn)V, 

(n,r)=l 

A,(s,f,r) = - Y X(fn)A(fn)n-\ 



(«,»-)= 1 

It's obvious that A4(s, f, r) = Ai,{s, f, r) for a = 0, so, the other part of the proof is the 
same to Lemma 5.6 of N.Ng [fT3l. 

Lemma 3.7. For a e R and j e Z>o, we have 

(3.10) 6^\\,a, k) = J] p'"(log pT' + 0(Cj(k)) 

p\k 
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where Q{s, a, k) is defined by (123' <^f^d 

c/t) = J]!2i^£+ 2 "log'"- 

p\k ^ p'\\k,i>2 

Moreover, for x <y,we have 

(3-11) L — hk — ^^to^^^^^^s"^ ' 

Proof. We remark that (13.101) is proven in Conrey |l5l. Recalling the definition of a{n), 
we may denote the left side of (13.111 ) as 

Cj(j^)(h,k) 

> — {dr(h)dr(k) + d:(h)dXk) + dr{h)d;{k) + d*Jh)d*Jk)). 

hk 

h,k<x 

Thus, we express the left side of (13.111) into four parts. The first part accords with (|3.1 II) 
given by Lemma 5.7 N.Ng [13J and we now prove it's also available to the other three 
parts. We only give the proof of the fourth part, since the other parts can be proven 
similarly. The part we are considering is 

d;(h)d;ik)(h, k) k 



(3.12) 



hk ^(h,ky 

h,k<x 

- L — hk — ^^^^^^ + Zj -^^^^ 

h,k<x a\(h,k) 

1 ^ d;{ah)d;{ak){C j{ak) + 1) 

a<x h,k<- 



where (f>(n) is the number of numbers less than n and prime to n. Recalling that 
d*r{n) = —^ y y log;?ilog;?2^i?r(— — I 

and 

P\ak ^ p'\\ak,i>2 

we find the sum in (13.121 ) is 

«i^Z^ZLl^. , X log/^ilog;..^,-(-^) 

,3.13) .^lY. l"8„.og^-^)(i:i^- E «log^4 

k<i ^l^y,!^ Hi Hi p\ak f p'\\aKi>l 

We divide the sum in (|3.13l) into five parts by the number of different elements in {p\, p2,q\, qi, p}- 
Not shortage of general nature, we only prove the part with any two elements are different 
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here, for the other parts can be proven similarly, we find the part consisted by the terms 
with any two elements in {pi,P2,qi,(}2, p} are different in the sum of (13.131 ) is 

^_L- V ^Qg^P y y ^QgPi y logP2 y log^i y log qi 

iOg ^ n<.v y I-l,i2../l,.;2 = l „'2.. ^2 n,^ ^1 J2,. '?2 



a<x h<x k<x 

for familiar formula 

log> 



(>2 p'<a: 

with Vj > 0. Putting together the results establishes the lemma. 

Lemma 3.8 Suppose r,n e M,l < x,n < and F e C'([0, 1]). There exists an 
absolute constant tq = To(r) such that 

(3.14) J — ^(M J = — ; TT, — F{e)d6 + 0{dr{n)jr,{n)L ), 

hi h {r-iy. Jo 



with jroin) defined by i\2.2\i . Furthermore, suppose a, > 1 are integers for \ < i < m, we 
have 



o-r(n)n;'-i(«/- l)!(logxr2;=i«' ri 
{r + Y.i=\ai-\)\ Jo 
(3.15) +0(J,-(n)jVoW^^'='"'^')- 

Proof. The first identity (13.141) is given by lemma 5.8 N.Ng fT3l|. Changing summation 
order and making the variable change h ^ hpi ■ ■ ■ p,n yields the left side of (I3.15|) 

log"';?i---log""';?™ F([pi • • • p,„h],) 

= L — 7-—p L h ^^("^^ 

Pl-p„,<x h<x/pi-p,„ 
(^r(n) ^ log"' Pi ■■■log"'" p„ r ^.r-lr,a ,,Jt 

(logo F([pi---pM— 

V.,. Pl---Pm Jl t 



(r- 1)! 

Pl-p,„<x 



^r./ V log"'Pi---log"-p^ ^^ ^ . ^ 

+ 01 > dr{n)jr,{n)L I. 

Then (|3.15l) follows by Lemma 3.1 and Lemma 3.3. 
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Lemma 3.9 For r, z e N, 1 < i\ < i and g e C^([0, 1]), we have 
(p{n)crr{pi ■ ■ ■ Pi,n)o-r(pi,+i ■ ■ ■ Piu) 



Z(pyn)u-r\pi ■ ■ ■ pi,n)u-rKPi, + i ■ ■ ■ Ptn) 
-2 Smy) 

n<y 

Jo ~f 



Moreover, suppose a,- > 1 are integers for 1 < i < m, let \ < i\ < (2 < ■ ■ ■ < imi < fn and 
I < i\ < i'2 < ■ ■ ■ < z'„2 ^ mfor Q < m\,m.2 < m, then 

'Ph---Pi,n' ^Pi\---Pi; 



E E lor- .... log-- .„.,(-^).,(-^) 

«<)> Pi-Pm\h 

r^'"-'"'-'"^^,,! nr=i(«/ - i)!(iog ^1 



(^' + zr=i«/-i)! 

an error 0{(}ogyy^) smaller 



Jo 



Proof. We remark that the first identity is a generalization of Lemma 5.9 (i) in N.Ng, 
and it can be proven similarly equal to 

ii^l Jo ' 

i 

+ 0{ilogyfiJ]p;'+(logyr'), 

T=l 

then the first identity follows by (12.41) . The second identity can be proven by the first 
identity with an argument as the proof of (13.151) in Lemma 3.8. 

We define f{k) = -Rtil + ia)/(p{k) and TtN{a) = Z7=o^f (1 V j! with <Ri,is) given 
by (1X81). 

Lemma 3.10 (N.Ng |[T3l Lemma 5.11). For I = logx, \a\ «: (log.x:)"\ 1 < x,m < y, 
n square free and n \ m, we have 

dr(.m)jro(m)l'' 



(3.16) Yj^r{mk)f{nk) <^ 

k<x 

where Tq = 1 /3 is valid. 



Lemma 3.11 Let I = log x, \a\ «: (log x) \ tq = 1/3 and g e C\[0, 1]). We have 

yd,imk)g([kh)-rrTr 

(3.18) _ cr,-(m)(-l)^c/(logx)-^^- f' , j dXm)Um)F-J-' x 

n{r + i - ly. Jo t \ n^'^ I 
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and 

(3.19) - ^) « wrH-'J^. 

k<x ' ^ 

Still, suppose a, > 1 are integers for I < i < t, k = pi ■ ■ ■ Prk', then 



— L ^og^ p,. ■ -log ^Prd.(mk)^^ 



(r + ZLi^^.- + ;-!)! Jo 
^.(m)jVo(m)r2L,«,+;-i. 



(3.20) + o(- 

The identities (l37T8l) and (l3TT9l) are given by N.Ng [13], and the identity (13.201) can be 
proven by (|3.18l) with an argument as the proof of (I3.15|) in Lemma 3.8. 

Lemma 3.12 Le? A(^) = Zn<y ^> where y = {^y and r] e (0, j). Then for \<t<T, 

r^on ri/.irl^-M2^ ^ V a(h)aik)ih,k) ^ t(h,kfe^y-' , ^^^^ 

(3.21) |^A(- + m)rJM = f > log — + 0{T), 

Jo 2 /JK 2;7r/zK 

/zere y /i' Euler 's constant. 

This lemma is a special case of a formula of Balasubramanian, Conrey and Heath- 
Brown m. 



4. Evaluation of Mi 

From (1.1) we recall that 



1 

M,(H,T) = |^A(- + /OP^?. 
Then by Lemma 3.12, 

To estimate the sum we apply the Mobius inversion formula 

,m 
n 



fiih,k)) = J]YjH(n)f(-\ 



"•V: n\m 

m\k 



and obtain 



h,k<y m\li n\m 

m\k 
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Changing the order of summation and replacing h by hm, k by km, we find that 

m<y n\m h,k<yjm 

We next replace the logarithm term by \og{T / (2nhk)) with an error 0(log n). A calculation 
shows that this O(logn) term contributes 0{TU ^^'^) in M\{H, T). Since Zn|my"(")'^~' = 
(p{m)m'^ we deduce that 



Hi<v h,k<y/m 

Recalling the definition of a{n), we denote 

Mi(H,T)=tY,^ ^^^^{dr{mh)dr{mk)Pi{[mh\)P,{[mk]y) 

m<y h,k<y/m 

+dl(mh)dr(mk)P2([mh]y)Pi([mk]y) 
+dr{mh)dl{mk)Pi{{mh\)P2{\mk\) 

+d;(mh)d;(mk)P2i[mh]y)P2i[mk]y)) + 0{TL'''*^') 

=Mn + Mn + + Mi4 + 0{TU'*^') 

with obvious meaning. We now come to calculate Mu. Recalling the definition of d*{n) 
by (11.71) . we observe that 

^d^; ^ Z i^g^^i^g^^^^l^j- 
We may replace d*{mh) and d*{mk) in Atu by 



1 v-* 2 / ''^^ \ 
1- >, // (;?iP2)logpilogp2^Zr 



and 



"2~ X yU^(/?lP2)l0g<?ll0g^2^i?rf-^) 



respectively, the error in calculation of Mi{H, T) caused by this is from the terms with 
max(zi, Z2, j\, ji) ^ 2 and the terms with pi = p2 or qi = q2. Since 

i>2 pi<y ^ 
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for Va > 0, we have the sum of the terms with max(/i, /i, 7i, 72) > 2 

max(ii,i2ji J2)>2 m<3' h,k<y/m p'ip'^\mh ^1^2 

• log^ilog^2^,(-^) 
9^1 |m* ^1 ^2 

«:rL"^ y y ^"^^^ y y y y ^"g^i y y 

Aj Aj jji Aj Aj J2 Aj Aj Ji Aj Aj Ji 

h>2 p'l^y i2>l P2<y ji>lqi<y yi j2>lq2<y ^2 

Zl dr(mh)dr(mk) 
m Au 



m , f-^, hk 

m<y n,k<ylm 



and the sum of the terms with pi = p2 



iui2juj2>i m<y h,k<y/m p'i*'^\mh ^ 



=0(TL'^^^'-). 



This is also valid to the terms with qi = qi- So 

Mu = T{\ogy) } — — 

m<y 



hk A^ n\piP2)logp,\ogp2 

h,k<y/m pip2\mh 



■dri—] S t^\qm)^ogq,\ogq,dl—] + 0{TU'^''^). 



We may also replace the sums 

mh 



y l^^(PlP2) log pi log /726?r(-^ ), 

, ^PlP2' 

piP2\mh 



y IJ^iqm) log ?i log qidJ^^) 



9i?2l'n*; 
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by 



Yj ^2 2 ^^(Pl---A'i)logPl---logPi'i 

i'j+,'j'=2 pi-p,.,|m 
i'i/i'>o 



Pi[*l-Pi[M'(\h 



2 ^2 2 A'^(?l---?<^)l0g?l---l0g^,-; 



X T! log • • • log 



respectively in Ali4 with an error 0(TU^*^') as before. Then, we have 



2 •••/7,;)l0g/7i---l0g/7,; 2 yU^(^i---^,-^)l0g^l---l0g^,v 

— - — P2([mh]y) 2j log A'l+i • • • log Pi[+q 

h<y/m Pi[+i-Pi[+i';\h 

plus an error 0{TL'"^^''). We apply Lemma 3.8 to the sum over h and ^ to obtain 

^ ^ y y ^(logy)^'-^^r^^^3c^cf ^(^) 

i'j,i'j'>0 i^i.ijiO 

2 //^(pi---p/;)logpi---logp,-; 2 ju^(^i---^,v)log^i---log^,v 

(4.1) o-i ]G([m],) + 61 + 62 + 63 + 0{TU"*^'-) 

where 

G(a) =77~'(1 -«')''"^''^'^'e2,.+,'/-l(a)e2,r+,--l(a) 
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and 



A crr(in)L 12- 
ei « TL-' y ^^^^ jrM)dr(m)L 



in<y 

;V„(mK(m)L-'r+4'-i_^___^^ 



62 « TL"'* > ^ cr,(m)L- "1 "2 



63 «; TL ) jro(m)dr(m)L 

^ m 



by (12.41) . (12.51) . Lemma 3.1, Lemma 3.2 and an argument as before. Since 



\ar{m)\ «; dr{m) jrim) for < t < 1 



(see (5.13) of N.Ng (HI), it follows that 



e,«TL"J] 



m 



A similar calculation gives 62, €3 «; TL*" Using Lemma 3.2, we have the sum over m 
in (lOl) is 

min(i'j .ij) 
m<y T=0 

^ jU^(pl • • • Pi'^+i'.^r) lOg^ Pi--- lOg^ Pt log Pr+1 • • • lOg Pi'^+i'^-r 

]crJ ]Gi[m]y) 

■--Pi'J \Pl---PrPi\ + Y---Pi\+i',-rl 



plus an error 0(L ^) smaller by Lemma 3.9. Employing this in (14.11) . we have 



r(iog);)(''+i) c'c,^a,+i^(/' /;) 

2 . „ . „ 7Tr'2,2W^5 ^2' ^\^^2) 



(r + i'l - l)!(r + q - \)\{r^ + i\ + - 1)! 
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with an error 0{TLf'*^''). Here, li^^i^{r|, r, i[, i", i'^, i'^) is given by (I1.17I ). By similar argu- 
ments, we can evaluate Aln, Mn, AI13, and have 



Z E Z 



(1=0,2 12=0,2 ij+/"=/i i2+/"=/2 



,,,, r(iogyr')^c^cfa..iZ>.(/;,/-) , 

^ • (r + - l)!(r + - l)!(r2 + /; + - Dt'''''^^''' 'i' ^2' h ^ H)- 

This proves Theorem 1.2. 



5 . Evaluation of / 

In this section, we will evaluate / in two steps. First, we apply the lemmas to manipulate 
/ into a suitable form for evaluation and express I = Ii + I2 + OiyT^^'^ + TL^'''^^^'). Then, 
we evaluate /i in section 5.1 and I2 in section 5.2 respectively. Recall that by (11.231) . 

(5.1) ^ = Z ^ Z ^OX-y/-^) + 0(yT'^^% 

Using Perron's formula with c = 1 + L"\ the inner sum is 

2 = — J Q*(s,a,k)i^—j- + 0(kT% 

where Q*(s, a, k) = YjJ=o Hj) j'^ei-j/k). Pulling the contour left to cq = ^ + we have 
ybU)ei-j/k)=^( r')Q.is,a,k)(f\^ 

(5.2) +R,+Ruia, 

where i?„ is the residue at 5 = a. By Lemma 3.6 the left and horizontal edges contribute 
yr5+^ Moreover by (11.241) it follows that 

Q*is,a,k) = ^ ^^Q{s,a,h/k), 

h<y 

where Q(s,a,h/k) is defined by ^M- Let H = h/ih,k), K = k/ih,k), then f = | and 
iH,K) = 1. We deduce 



Q(s,a,H/K)\^—j s-'j. 

h<y 
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By Lemma 3.5(i), 

i?i =K ^ a{h) res - ia) - Q{s, a, i^))(^-|^) V> ) 



h<y 

T a{h) 

h<y 



(5.3) [aCl Oif) - ^(l'«'^))log(^^) + ((^'/^'(t) - ^'(l,a,i^))), 

where t = \ -\- ia and ^(^, a, K) given by (13.71) . Similarly, Lemma 3.5(ii) implies 



^ In T ^ H [inHl (f>{K) ' 

Combining (ISH) . (l5^ . (1531) and (l54l) . we obtain 

r a{h)a{k){h,k)(^ Te^r-i 



7 ^ a(h)a(k)(h,k)l Te^^'' , . , , 



From (ITTOl) . we may write Q^^\\,a, K) = Y.p\kP'" log^""^ p + 0{Cj{K)), for 7 = 0, 1. By 
Lemma 3.7, the 0{Cj{K)) term contributes 0(TL^'*^^^). Whence 

F " 

p\K 

plus an error 0(yT-2+' + TL^'*^^ ) with r = 1 + /or. It follows that 
T a{h)a{k) v-^ v-^ //(n) 



.(r/m«-E,/".og^,-fii>(^)" 



~2n ,4-' hk 4^ 4-' ~n' 

h,k<y nm 

■ (iog^^^((r/^)(t) - Xip'^'iogp) + (r/^)'(t) - Xip''"iog'i^ 

pyA p\'A 
T Unnhl \ml (hC^) I 



by inserting the identity 

f((h,k)) = J]Yjfi{n)f{^^^. 



m\k 
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Interchanging summation order and making the variable changes h hm, k ^ km yields 
r 1 /j.{n) a(mh)a(mk) 



2n ^ m ^ n 

m<y n\m h,k<^ 



p\nk 
p\nK 

Rearrange this as 7 = /i + 72 + OiyT'^^^ + TL^'^^^) where 

r 1 ix{n) Y^ a(mh)a(mk) 



hk 

m<y "' n\m " h,k<- 



p\nk p\nk 

J r 1 y-i ju(n) y-i a(mh)a(mk) 
^ 2n ^ m ■4-' n hk 

m<y n\m h,k< ^ 

The first sum is 

^ r 1 //(n) y-i a(mh)a(mk) 
^ In ^ m ■4-' n hk 

m<y n\m h,k< ^ 

- log J] p'" log p - 2 log2 p + 0{L log n)). 

p\k 

A calculation shows that the O(Llogn) contributes 0(TL^'''^^^^). Then we deduce that 
r 0(m) a(mh)a(mk) 

p\k p\k 

This puts 7i in a suitable form we need. We now simplify I2 by substituting the Laurent 
expansions 

/ 0(f) = (iar'+ 0(1), 

(ClO'(f) = (ia)-^ + 0(1), 

^\f)T-' = (ia)-' + (2y - l)(ia)-' + 0(1) 
20 



in (|5.5I) . The 0(1) temis of these laurent expansions contribute 

_\ _ \ J_j;\ J_ ^ y.^, 



m<y n\m h,k<^ 

by a calculation similar as in section 4, and 

a{mh) 



hk 



m<>' «|m /j<i 



« rr'+2r 



by Lemma 3.1, Lemma 3.10 and a calculation as before, for f(k) = 'Rk(l + ia)/(f>(k) is 
multiplicative with f{p") «; p'". Thus we deduce 



2n ^ m ^ n 

m<y n\m h,k<^ 



hk 



(5.7) 



1 + ''«log77«;;2 -(t;^:) 



iTihkrP- ^ 2;r/m ^ <f)(nk) 



+ OiTL^'^^^ ). 



5.1. Evaluation of h. By (15^ it follows that 
T 0(m) a{mh)a(mk) 



X ( - log ^ p^'' logp-J] p'^ log2 + C>(rL<-i)') 

with a(n) = drin)PiC^^) + d*(n)P2C^j,)- As in section 4, we may replace d*(n) by 
j^p^ lLpip2\nlJ^iP\P2) log log />2, and the overall error in evaluating I\ caused by this is 
0{L~^) smaller than the main term, which actually is 0{TV-''^^^^). It follows that 

(5.8) h = -Z- ^ ^ ( - ^^^(i,i2,0,0,l) + ^^ii,i2,l,0,l + ,,2,0,1,1 - (^iuhfifl,!) 

(1=0,2/2=0,2 

plus an error 0{TL^'^^^ ), where for u,v,w e Z>o we define aijj2,u,v,w to be the sum 



1 0(m) 
(logv)'i+'2 rn^ ^ 

^ '^■'^ m<y h<^ 



(p{m) ^ Pi,{[mK\y)\og''h 



h 



V n\pi ■ ■ •p,i)iogpi ■ --logpi^dJ — — — ) y 



Pi,([mkl?,log'- k 



Pi-Pi, \mh 



y i/(qi ■ ■ ■ qi^) log ^1 • • • log qi^dJ ) V log*" 



21 



Observe that ai^J^^u,v,w 

'r'T-" 



■ L ^ L ■ ■ ■ ^''.-r^d^T^) 

ZP;,([mfc],,)log''fc , , I mk \ 

- — 2. iog^<^i---iog^4--^4^;:r^) 

2 2 2 

(5.9) 'Xip'^log^ 



p\k 



plus an error 0(L ^) smaller. For p'" = 2ylo log^ P^ the sum over k in (15.91 ) can be 
replaced by 

{jay ( ^ Pi,{\mk\y){\ogky 



y (logi?)^-""' log qi'+i • ■ • log \dr{p) 

^ 1^ ' ' ' \pqi---qij 

Pi,([mkW(\ogky 



+ 

m 

y (log ^/ + 1 y '''''' ^ log <?/ +2 • • • log <?/+,'; ^^,-( — ^^^^ )) . 



Here, we ignore the terms with k contains square of p, for all these terms contribute 
0{Lr^) smaller than the main term in the calculation of a,(,,2,«,v,w Substituting this into 
(|5.9I) . we denote 

(5.10) <3,-l,,2,«,v,w = +A2 

plus an error 0{Lr^) smaller with obvious meaning. Then a calculation similar to M\ in 
section 4 establishes 

^ (/alog3;)^'^,__ .2^2r+„+v+w 



Ai ~a,+i 2^ ^ (logy) 

7=0 

• 2 ^ rCr{i\,i2,h,h)P{w + j^r + 1^) 



(5.11) • /,i,,-2(/i,/2,/i +",^2 +V + W + 7) 
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and 



7=0 ^' 



,[/{>o ,'^.q>o 



(5.12) • ,,-2 («"i , i'{ + u,i2 + v + w + j), 

with Cr(?''i, 'T' '2') given by (|1.13l) and h^j^Cn) given by (fLQl) . Whence, from (15^ . (15.211) . 
(15.111) and (I5.12|) . we obtain 



y„;+(r+l)2 + l 



7=0 

■ Xi X Cr(i[J2J"J2)irhi^j,{i[,i2,i" + 1,12 + 

(1=0,2/2=0,2 /'^+;Y=;i (2 +'2 ='2 

(5.13) + /2 (?" + h - l)^ii,i2 0"l' '2' + 1' '2 ' i + 1)) 

with given by (|1.1 II) . Here, we have applied the formula /3(a,b) - /3(a + l,b) 
/3(a,b + I) f or \/ a, b> 1. 



5.2. Evaluation of /2. From (HH), we recall that a(n) = J,(n)i'i({^) + d;in)P2C^) 
and use Jjpip^\nl^^(PiP2) log Pi log P2 to replace <i*(n) in (|5.7I) as before, then we may 
denote 



Jl =0,2/2 =0,2 



with a^^ ^.^ defined by the sum 

(logy)'' +'2 ^ n 

2_j ^ 2j y« (Pi •••Ai)logPi ■■■logAi^^,(^ 



A<2 " pi-p.Amh ^P\---Ph 



}, ] >, (^1 •••^,2)l0g?l •••l0g^/2^r 

1 + i^v^c^o ^ _ r r Ya nl<Knk(r) 
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By an argument as before, we have 
1 

(logj) 



''i+''i'='i 'j+'2-'2 "i^y il"! 



^ yU^CjPl ■••;?;'^)l0g;?l •■■l0gjC,v ^ yU^ (<?!•• •<5r,v)log<5ri •• -log <5r,v 

P;,([m/z],.) -r-^ , , I mh 



J-— 2^ logp,.,i • ..\ogp,^,,,d,\ — 



h<L Pi' ^\-Pi' 



■Ph 

ZPi,{\mk]y) / mk \ 



^'■''^ [ J 



plus an error 0{Lr^) smaller. Since all the terms with k that contains square oi q e 
- ,qi'^+q} contribute 0{L~^) smaller than the main term, we may ignore these 
terms in the following argument. Let k = q^^+i • ■ ■qi'^+i"k'. For f(k) = 'Rti^ + ia)l<p{k) 

is multiplicative with f{p") « we replace ^ by /(^i^+i) ■ • • f(qi',+q)'^^^^ with 
error 



an 



m<)' fi|m 



in the calculation of a' ■ by Lemma 3.1 and Lemma 3.11. A calculation shows that 



Kkil) = (f>{k)/k and ^[(1) = -4>ik) logk/k, thus it follows that 



and 



= -(1 - /a log P) - - V ^ + 0[ -^{iaf 



with given by (fTT?]) . Here, the 0(i2I^(/Q')^) contributes C>(L('"+'^') in a^^ by a 
calculation as before. Substituting (15.171 ) and (15.181 ) into (15.161 ). we have the expressing 
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within the brackets of (15.161) simplifies to 



Z 



(log ^)"5??;f,(i)(i«)""^' nil [m'-^Ur) log^'^ ^,-^+.) 



d>ink')u\j\ji\- ■ ■ jf'l 



by replacing i^)'" with 2^=0 ^(^og 2^1 Employing this in (|5.16D, we have a)^ . 
equal to 



— 1 i', i' 



(log>;)''+'2 

11 2 2 



. . . /V'! n 

7+71 "I — I" Ji" S2 J J i J <2 m<y n\m 

Z •••A;)log;?i ■■■log;?;; ^ ■■■^,-^)log^i •••log^,v 

Pi-pAm qi-qAm 



m / ( J -1-1 I ij -r( ^ 

(5,,) 

\qi---qij (pink') 



plus an error 0{L> ' ). Whence, by Lemma 3.8 and Lemma 3.1 1, we have the sum over 
h in (15.191 ) equal to 



{r + i'l - 1)! 



J^l-[m]v 




r+i - 



{rj-' -e,rPi,{{m\, + e,)de, 



and the sum over k equal to 



(r + /^' + j + ji + + - 1)! 
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■ Qi2,r+q+j+ji +-+y,7, -1 i\tn\y) 



Employing these into (15.191) . we interchange the order of the sum and the integration, and 
by Lemma 3.9, we have that 



u\(r + r; - l)!(r + q + J + ji + . . . + j.,, - l)!(r2 + + i'^ - 1)! 
(5.20) • ki^,i^(i'l, u, i\ + i'^, q + J + Ji + ■ ■ ■ + jq) 

plus an error 0{L^''^^'''). We now simplify the expression of a\ in three cases. 

Case 1. q = 0. Replacing j - 2 by n and j + m - 2 by j in (|5.20l) respectively, we have 



U - n)l{r + i'' - l)!(r + i'' + n + l)\(r^ + i\ + i' - 1)! 

n=—2 ^ i z 



(5.21) ■ ki^j^ih^ J - n, i\ + i'2, i'l +n + 2) 
Case 2. q = 1. We have 

00 

aUHlogyr'^' 2 clclJjia\ogyy 

•'l+'l='l '2+'2"'2 7=0 
i|/['>0 i2,i">0 

(5.22) ■ h^^^ii'l, j - n, i[ + q, i'2 +n + 2) 

by replacing j -2 with /, j + j\-2 with n and j + u + j\-2 with j in (|5.20l) respectively. 
Case 3. q = 2. We have 



-dogy)^^^'^^ 2 X C:;c|£(/alog^)^ 



''l+'T='l •'2+'2='2 7=0 

1 min(r-2,n) / i n + i ^/+2 



■ Zj (j - + q - l)!(r + q + n + l)\(r^ + i[ + ^ - 1)! 
(5.23) • ki.j.ih, j - h + ^2' '2 + « + 2) 

by replacing j - 2 with /, j + ji + J2 - 2 with n and j + u + ji + j2 -2 with j in (|5.20l) 
respectively. Since 



j](-ir'ciPU) = o 



7=0 
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for any polynomial P(j) on j, we have 

min(r— 2,h) 

J] i-iy'^'Cl'^^A(n-f) = for n>r-2, 

/=-2 

and 

min(r-2,n) 

J] (-l/^>C/'+2 ^ AO-i)A02) = for n>r-2. 

j'=-'2. jl+j2=n-j' 

So, we simplify the expression of a'^^ for all case to 

CO 

j=0 ''l+'T='l '2 +'2 ='2 

i'|,/'l'>0 iy^>0 

(5.24) . ^j-n)l(r + q+n+l/ -'-^"^j-''^'^^''^^'^^''^^- 

with ' gi'^sii by (11.141) . Thus, substituting (|5.24l) into (15.141) . we have 

7, ;^(,)V--(-i)^-i ;^ J] ^ ^ c,o-;,/^, 

i']//>0 '24'-" 

plus an error 0(71^''^^^'). Theorem 1.3 follows from (fmi) . (lO). (15131) and (15:251) . 
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